Abstract. The Fibonacci sequence is a sequence of numbers that has been studied for hundreds of years. In this paper, we introduce the modified k-Fibonacci-like sequence and prove Binet's formula for this sequence and then use it to introduce and prove the Catalan, Cassini, and d'Ocagne identities for the modified k-Fibonacci-like sequence. Also, the ordinary generating function of this sequence is stated.
Introduction
The Fibonacci sequence {F n } is defined by the recurrence relation (1) F n = F n−1 + F n−2 for n ≥ 2 with F 0 = 0 and F 1 = 1. Many authors have studied the Fibonacci sequence, some of whom introduced new sequences related to it as well as proving many identities for them.
Falcón and Plaza [6] introduced the k-Fibonacci sequence and proved some related identities. For any real number k, the k-Fibonacci sequence {F k,n } n∈N is defined by the recurrence relation (2) F k,n = kF k,n−1 + F k,n−2 for n ≥ 2 with F k,0 = 0 and F k,1 = 1. Edson and Yayenie [4] introduced the generalized Fibonacci sequence and proved some related identities. For any two nonzero real numbers a and b, the generalized Fibonacci sequence {q n } ∞ n=0 is defined by the recurrence relation (3) q n = aq n−1 + q n−2 , if n is even, bq n−1 + q n−2 , if n is odd, (n ≥ 2), with q 0 = 0 and q 1 = 1.
Edson, Lewis and Yayenie [3] introduced the k-periodic Fibonacci sequence and proved some related identities. For any k-tuple (x 1 , x 2 , . . . , x k ) ∈ Z k , the k-periodic Fibonacci sequence {q n } is defined by the recurrence relation
x 1 q n−1 + q n−2 , if n ≡ 2 (mod k) x 2 q n−1 + q n−2 , if n ≡ 3 (mod k) . . .
x k−1 q n−1 + q n−2 , if n ≡ 0 (mod k) x k q n−1 + q n−2 , if n ≡ 1 (mod k) (n ≥ 2) with q 0 = 0 and q 1 = 1. Some authors introduced various Fibonacci-like sequences: Singh, Sikhwal and Bhatnagar [11] introduced the Fibonacci-like sequence and proved several related identities. The Fibonacci-like sequence {S n } is defined by the recurrence relation (5) S n = S n−1 + S n−2 for n ≥ 2 with S 0 = 2 and S 1 = 2. Badshah, Teeth and Dar [1] introduced a generalized Fibonacci-like sequence and proved some related identities. Their generalized Fibonacci-like sequence {M n } is defined by the recurrence relation
with M 0 = 2m and M 1 = 1 + m, m being a fixed positive integer. Harne, Singh and Pal [7] introduced another generalized Fibonacci-like sequence and proved some related identities. Their generalized Fibonacci-like sequence {D n } is defined by the recurrence relation
with D 0 = 2 and D 1 = 1 + m, m being a fixed positive integer. Finally, Panwar, Rathore and Chawla [9] introduced the k-Fibonacci-like sequence and proved some related identities. For any positive real number k, the k-Fibonacci-like sequence {S k,n } is defined by the recurrence relation (8) S k,n = kS k,n−1 + S k,n−2 for n ≥ 2 with S k,0 = 2 and S k,1 = 2k. Furthermore, the above authors utilize Binet's formula, a well-known tool for proving various identities. Thus, when authors study a new sequence related to the Fibonacci sequence, they always introduce Binet's formula for each sequence. As you know, most of identities for each sequence is that the left-hand side of equation is expressed using itself. For example, the Catalan identity of the k-Fibonacci sequence is
In this paper, we introduce the modified k-Fibonacci-like sequence and prove Binet's formula for the modified k-Fibonacci-like sequence. And then using it, we prove the Catalan, Cassini, and d'Ocagne identities for this sequence. Moreover, we introduce the special sums of the modified k-Fibonacci-like sequence and prove them using Binet's formula.
In Section 2, we will introduce the modified k-Fibonacci-like sequence and related facts.
In Section 3, we will introduce and prove Binet's formula of the modified k-Fibonacci-like sequence.
In Section 4, we will introduce the Catalan, Cassini, and d'Ocagne identities for the modified k-Fibonacci-like sequence. In these identities, we can find that the left-hand side of equation is expressed using the k-Fibonacci sequence. Moreover, we will prove them using Binet's formula. We will also introduce and prove the sums of the modified k-Fibonacci-like sequence.
In Section 5, we will find the generating function of the modified k-Fibonaccilike sequence.
In Section 6, we will generalize the modified k-Fibonacci-like sequence for S k,0 = S k,1 = a, where a is an integer.
Preliminaries
In this section, we review basic definitions and introduce relevant facts.
Definition (The k-Fibonacci sequence [6] ). For any positive real number k, the k-Fibonacci sequence {F k,n } is defined by the recurrence relation
with F k,0 = 0 and F k,1 = 1.
A few k-Fibonacci numbers are
Theorem 2.1 (Binet's formula for the k-Fibonacci sequence [6] ). The nth k-Fibonacci number is given by
where α, β are the roots of the characteristic equation x 2 − kx − 1 = 0, and α > β.
Definition (The k-Lucas sequence [5] ). For any positive real number k, the k-Lucas sequence {L k,n } is defined by the recurrence relation
Binet's formula of the modified k-Fibonacci-like sequence
Binet's formulae are well known in the study of sequences like Fibonacci sequence [1, 2, 3, 4, 6, 7, 8, 10, 11, 12] . In this section, we introduce and prove Binet's formula for the modified k-Fibonacci-like sequence. Binet's formula of the modified k-Fibonacci-like sequence allows us to express the modified k-Fibonacci-like sequence in terms of the roots α and β of the characteristic equation,
The roots of the characteristic equation
. Note that β < 0 < α, α + β = k and αβ = −1.
In this paper, Binet's formula for the modified k-Fibonacci-like sequence is the following:
Proof. The general term of the modified k-Fibonacci-like sequence may be expressed in the form, M k,n = C 1 α n + C 2 β n for some coefficients C 1 and C 2 .
(
Therefore,
Note that
Note that M k,n = 2(F k,n + F k,n−1 ), where F k,n is the k-Fibonacci sequence.
• If k = 1,
where L 2,n is the 2-Lucas sequence.
Also, we can express the nth k-Fibonacci number F k,n as follows:
Proof. By the note of Binet's formula,
Then, inductively and using the fact that F k,0 = 0, we have
Identities of the modified k-Fibonacci-like sequence
Many authors who study sequences like Fibonacci sequence have introduced special identities, such as the Catalan, Cassini, and d'Ocagne identities [2, 4, 6, 10, 12] . They have then proved them using Binet's formula for each identity.
In this section, we also introduce the Catalan, Cassini, and d'Ocagne identities for the modified k-Fibonacci-like sequence, and prove them using Binet's formula stated in the previous section. In addition, we introduce and prove the sums of the modified k-Fibonacci-like sequence using Binet's formula.
The Catalan identity
Many authors have expressed the Catalan identity as the following:
r , where q n is the generalized Fibonacci sequence [4] .
As we can see, the left-hand side of each equation is expressed using itself.
However, in the modified k-Fibonacci-like sequence,
is expressed using the k-Fibonacci sequence F k,r .
Theorem 4.1 (the Catalan identity). For any two nonnegative integers n and r with n ≥ r, we have
where F k,r is the k-Fibonacci sequence.
Proof. Note that α + β = k, αβ = −1. By Binet's formula, we have
Remark 4.2. We can express the left-hand side using itself. Using Theorem 3.2,
The Cassini identity
The Cassini identity is a special case of the Catalan identity with r = 1. Many authors have expressed the Cassini identity as the following:
n , where F n is the Fibonacci sequence [2] .
n , where F k,n is the k-Fibonacci sequence [2, 6] .
n , where q n is the generalized Fibonacci sequence [4] . Similarly, the Cassini identity for the modified k-Fibonacci-like sequence is the following:
Theorem 4.3 (the Cassini identity). For any nonnegative integer n, we have
Proof. Taking r = 1 in the Catalan identity, we get
The d'Ocagne identity
The d'Ocagne identity is similar to the Catalan identity. Many authors have expressed the d'Ocagne identity as the following:
n F k,m−n , where F k,n is the k-Fibonacci sequence [2, 6] .
•
where q n is the generalized Fibonacci sequence [4] . Once more, the left-hand side of each equation is expressed using itself.
However, in the modified k-Fibonacci-like sequence, the d'Ocagne identity is expressed using the k-Fibonacci sequence similar to the Catalan identity. 
where F k,n is the k-Fibonacci number.
Proof. We check each term on left-hand side using Binet's formula, and then we prove the theorem.
Remark 4.5. Similarly, we can express the left-hand side using itself. Using Theorem 3.2,
The sums of the modified k-Fibonacci-like sequence
Binet's formula allows us to express the sum of the first n terms of the modified k-Fibonacci-like sequence.
Theorem 4.6. The sum of first n terms of the modified k-Fibonacci-like sequence {M k,n } is
Proof. Note that α + β = k, αβ = −1 and (α − 1)(β − 1) = −k. By Binet's formula, we have
By summing up the geometric partial sums, we have
Then, using the above note, we have
Note that from Theorem 4.6,
Theorem 4.7. The sum of the first n terms with odd indices is
Theorem 4.8. The sum of the first n terms with even indices is
Proof. By Binet's formula, we have
Then, using the note in Theorem 4.7, we have
Remark 4.9. Note that we can check
using the above three theorems. 
Moreover, we can generalize the modified k-Fibonacci-like sequence for N k,0 = N k,1 = a, where a is an integer. In this case, the nth modified k-Fibonaccilike number N k,n is given by 
The d'Ocagne identity is
The ordinary generating function is
